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The great deal in noncommutative (NC) field theories started when it was noted that NC spaces
naturally arise in string theory with a constant background magnetic field in the presence of D-
branes. In this work we explore how NC geometry can be introduced into a commutative field theory
besides the usual introduction of the Moyal product. We propose a non-perturbative systematic new
way to introduce NC geometry into commutative systems, based mainly on the symplectic approach.
Further, as example, this formalism describes precisely how to obtain a Lagrangian description for
the NC version of some systems reproducing well known theories.
PACS numbers: 11.15.-q; 11.10.Ef; 11.10.Nx
I. INTRODUCTION
The main motivation to investigate NC field theories
started when it was noted that NC spaces naturally arise
in string theory with a constant background magnetic
field in the presence of D-branes [1].
In [2], R. Banerjee discuss how noncommutative struc-
tures appear in planar quantum mechanics providing a
useful way of obtaining them. It was based on the non-
commutative algebra in planar quantum mechanics that
was originated from ’t Hooft’s analysis on dissipation and
quantization [3]. Banerjee shows precisely in [2] that the
noncommutativity in the coordinates or in the momen-
tum are dual descriptions, corresponding to distinct po-
larizations chosen for converting a second order to a first
order system. The Hamiltonian obtained in [2] follow-
ing ’t Hooft reveals a noncommutative algebra. Differ-
ently, in our work, we will see in detail that following
the symplectic formalism the noncommutativity can be
introduced naturally.
It is opportune to mention here that this noncommuta-
tivity in the context of the string theory with a constant
background magnetic field in the presence of D-branes
was eliminated constructing a mechanical system which
reproduces classical dynamics of the string [4]. NC field
theories have been studied extensively in many branches
of physics [5, 6, 7, 8, 9, 10, 11, 12].
The perturbative study of scalar field theories was per-
formed in reference [13]. There, the authors analyzed the
IR and UV divergencies and verified that the Planck’s
constant enters via loop expansion. Here, differently, we
∗E-mail: evertonabreu@ufrrj.br
†E-mail: cneves@fisica.ufjf.br
‡E-mail: wilson@fisica.ufjf.br
make a non-perturbative approach and we will see that
the Planck’s constant enters naturally in the theory via
Moyal product.
In [14], a general α-deformation of the algebra of clas-
sical observables that introduces a general NC quantum
mechanics is constructed. This α-deformation is equiva-
lent to some general transformation on the usual quan-
tum phase space variables. In other words, the authors
discuss the passage from classical mechanics to quantum
mechanics and then, to NC quantum mechanics, which
allows to obtain the associated NC classical mechanics.
This is possible since the quantum mechanics is naturally
interpreted as a NC (matrix) symplectic geometry [15].
In few words we can say that to obtain the NC version
of a field theory one replace the usual product of fields
in the action by the Moyal product, defined as
φ1(x) ⋆ φ2(x) = exp
(
i
2
θµν∂xµ∂
y
ν
)
φ1(x)φ2(y) |x=y, (1)
where θµν is a real and antisymmetric constant matrix.
As a consequence, NC theories are highly nonlocal. We
also note that the Moyal product of two fields in the
action is the same as the usual product, provide we dis-
card boundary terms. Thus, the noncommutativity af-
fects just the vertices.
Gauge theories have played an important role in field
theories since they are related with fundamental physi-
cal interactions in nature. In a more general sense, those
theories have gauge symmetries defined by some relations
called, in the Dirac’s language, first class constraints [16].
The quantization of these theories demands a special care
because of the presence of gauge symmetries indicating
some superfluous degrees of freedom, which must be elim-
inated before or after the implementation of a valid quan-
tization process.
On the other hand, the covariant quantization of sec-
ond class systems is, in general, a difficult task because
2the Poisson brackets are replaced by Dirac brackets. At
the quantum level, the variables become operators and
the Dirac brackets become commutators. Due to this,
the canonical quantization process is plagued by serious
problems, such as ordering operator problems [17] and
anomalies [18] in the context of nonlinear constrained
systems and chiral gauge theories, respectively. In view
of this, it seems that it is more natural and safe to develop
the quantization of second class systems without invok-
ing Dirac brackets. Actually, it was the strategy followed
by many authors over the last decades. The noninvariant
system has been embedded in an extended phase space
in order to change the second class nature of constraints
to first one. Recently, two of us [19] and some other au-
thors [20] have used the symplectic formalism in order
to embed second class systems and properly systematize
the symplectic embedding formalism, as done in BFFT
[21] and iterative [22] methods for example.
In this work we propose a formalism to generalize the
quantization by deformation introduced in [14] in order
to explore, with a new insight, how the NC geometry can
be introduced into a commutative field theory. To accom-
plish this, a systematic way to introduce NC geometry
into commutative systems, based on the symplectic ap-
proach and the Moyal product is presented. Further, this
method describes precisely how to obtain a Lagrangian
description for the NC version of the system. To con-
firm our approach, we use two well known systems, the
chiral oscillator and some nondegenerated classical me-
chanics. We computed precisely the NC contributions
through this generalized symplectic method and obtain
exactly the actions in the NC space found in the litera-
ture. It is important to notice that it is the first part of
a formalism which target is to introduce the NC geom-
etry in constrained and non-constrained systems. Here
we introduce the second analysis.
We have organized this paper as follows. In Section
II, we introduce our generalized quantization by defor-
mation assuming a generic classical symplectic structure.
To confirm the method, we apply it to the chiral oscil-
lator and to an arbitrary nondegenerated mechanics in
section III. The conclusions and perspectives, as usual,
are depicted in the last section.
II. THE NC GENERALIZED SYMPLECTIC
FORMALISM
The quantization by deformation [23] consists in the
substitution of the canonical quantization process by the
algebra Ah¯ of quantum observables generated by the
same classical one obeying the Moyal product, i.e., the
canonical quantization
{h, g}PB =
∂h
∂ζa
ωab
∂g
∂ζb
−→
1
ıh¯
[Oh,Og] , (2)
with ζ = (qi, pi), is replaced by the h¯-star deformation of
A0, given by
{h, g}h¯ = h ∗h¯ g − g ∗h¯ h , (3)
where
(h ∗h¯ g)(ζ) = exp{
ı
2
h¯ωab∂
a
(ζ1)
∂b(ζ2)}h(ζ1)g(ζ2)|ζ1=ζ2=ζ ,
(4)
with a, b = 1, 2, . . . , 2N and with the following classical
symplectic structure
ωab =
(
0 δij
−δji 0
)
with i, j = 1, 2, . . . , N , (5)
that satisfies the relation below
ωabωbc = δ
a
c . (6)
The quantization by deformation can be generalized
assuming a generic classical symplectic structure Σab. In
this way the internal law will be characterized by h¯ and
by another deformation parameter (or more). As a con-
sequence, the Σ-star deformation of the algebra becomes
(h∗h¯Σ g)(ζ) = exp{
ı
2
h¯Σab∂
a
(ζ1)
∂b(ζ2)}h(ζ1)g(ζ2)|ζ1=ζ2=ζ ,
(7)
with a, b = 1, 2, . . . , 2N .
This new star-product generalizes the algebra among
the symplectic variables in the following way
{h, g}h¯Σ = ıh¯Σab . (8)
In [14, 15], the authors proposed a quantization process
in order to passage the NC classical mechanics to the
NC quantum mechanics, through the generalized Dirac
quantization,
{h, g}Σ =
∂h
∂ζa
Σab
∂g
∂ζb
−→
1
ıh¯
[Oh,Og]Σ . (9)
The relation above can also be obtained through a par-
ticular transformation on the usual classical phase space,
namely,
ζ′a = Tabζ
b , (10)
where the transformation matrix is
T =
(
δij −
1
2θij
1
2βij δij
)
, (11)
where θij and βij are antisymmetric matrices. As a con-
sequence, the original Hamiltonian becomes
H(ζa) −→ H(ζ
′
a) , (12)
where the corresponding symplectic structure is
Σab =
(
θij δij + σij
−δij − σij βij
)
, (13)
3with σij = −
1
8 [θikβkj +βikθkj ]. Due to this, the commu-
tator relations look like[
q′i, q
′
j
]
= ıh¯θij ,[
q′i, p
′
j
]
= ıh¯(δij + σij) , (14)[
p′i, p
′
j
]
= ıh¯βij .
It is clear that in this paper we are only analyzing
systems where this symplectic algebra (14) involves only
constants. It is worthwhile to mention that there are sys-
tems where the symplectic algebra (14) involves phase
space dependent quantities, rather than just constants.
For instance, we can mention the noncommutative Lan-
dau problem (for example in [24] and references therein).
A particle in the noncommutative plane, coupled to a
constant magnetic field and an electric potential will pos-
sess an algebra similar to (14). A phase space dependent
algebra occurs for a nonconstant magnetic field, as dis-
cussed in [24]. This problem is the object for future anal-
ysis of our method.
At this point, it is important to notice that a La-
grangian formulation was not given. Now, we propose
a new systematic way to obtain a NC Lagrangian de-
scription for a commutative system. In order to achieve
our objective, the symplectic structure Σab must be fixed
firstly and, subsequently, the inverse of Σab must be com-
puted. As a consequence, an interesting problem arise:
if there are some constant (Casimir invariants) in the
system, the symplectic structure has a zero-mode, given
by the gradient of these Casimir invariants. Hence, it is
not possible to compute the inverse of Σab. However, in
Ref.[25] this kind of problem was solved. On the other
hand, if Σab is nonsingular, its inverse can be obtained
solving the relation below∫
Σab(x, y)Σ
bc(y, z)dy = δcaδ(x− z) , (15)
which generates a set of differential equations, since Σab
is an unknown two-form symplectic tensor obtained from
the following first-order Lagrangian
L = Aζ′a ζ˙
′a − V (ζ′a) , (16)
as being
Σab(x, y) =
δAζ′
b
(x)
δζ′a(y)
−
δAζ′a(x)
δζ′b(y)
. (17)
Due to this, the one-form symplectic tensor, Aζ′a(x), can
be computed and, subsequently, the Lagrangian descrip-
tion, Eq. (16), is obtained also. In order to compute
Aζ′a(x), the Eq. (15) and Eq. (17) are used, which gen-
erates the following set of differential equations
θijBjk(x, y) + (δij + σij)Ajk(x, y) = δikδ(x− y) ,
Ajk(x, y)θji + (δij + σij)Cjk(x, y) = 0 ,
− (δij + σij)Bjk(x, y) + βijAjk(x, y) = 0 ,
Akj(x, y) (δji + σji) + βijCjk(x, y) = δikδ(x− y) ,
(18)
where
Bjk(x, y) =
(
δAq′
j
(x)
δq′k(y)
−
δAq′
k
(x)
δq′j(y)
)
,
Ajk(x, y) =
(
δAp′
j
(x)
δq′k(y)
−
δAq′
k
(x)
δp′j(y)
)
,
Cjk(x, y) =
(
δAp′
j
(x)
δp′k(y)
−
δAp′
k
(x)
δp′j(y)
)
. (19)
From the set of differential equations, Eq. (18), and the
equations above, Eq. (19), we compute the quantities
Aζ′a(x).
As a consequence, the first-order Lagrangian can be writ-
ten as
L = Aζ′a ζ˙
′
a − V (ζ
′
a) . (20)
Notice that, despite (16) and (20) have the same form,
in (20) the Aζ′a are completely computed through the
solution of the system (18). In both we have a NC version
of the theory as a consequence of the deformation in (11)
and its corresponding symplectic structure in (13). This
will be clarified through the examples in the next section.
III. EXAMPLES
In this section, in order to clarify our method, we will
use the formalism developed above in two well known
mechanical systems. The first one is the chiral oscillator,
which has a close relationship to the Floreanini-Jackiw
version of the chiral boson [26] through the mapping used
in [27]. The other one is the so-called nondegenerated
mechanics [7]. We will show precisely that the results
obtained with our formalism coincide with the ones de-
picted in these both systems, which comproves the effec-
tiveness of the method described in the section before.
A. The chiral oscillator
Let us consider a bidimensional model which phase
space is reduced. Due to this, the symplectic coordinates
are given by ζ′a = (q
′
i), with a = i = 1, 2, and the canon-
ical momenta conjugated to q′i are not present. With
this in mind, the noncommutative algebra given in (14)
is comprised only by the first element. Therefore, follow-
ing our procedure, the matrix Σab defined in (13) now
has only one element. Then we consider the symplectic
structure as being
Σij = θij = θ ǫij , (21)
where θ is the measure of the noncommutativity. This re-
4to
δAq′
j
(x)
δq′k(y)
−
δAq′
k
(x)
δq′j(y)
= θ−1ij = − θ ǫij . (22)
Notice that the prime is not the spacial derivative, it was
defined in (10).
Now it is easy to see that the equation (22) has the
following solution,
Aq′
i
= −
1
2
θ ǫijq
′
j . (23)
Substituting (23) in (16), the first-order Lagrangian is
given by
L = −
1
2
θ ǫij q˙
′
i q
′
j − V (q
′
j) . (24)
We can assume that the symplectic potential is
V (q′j) =
kq′
2
j
2
. (25)
Thus, we have the mechanical version of the FJ chiral
boson, namely, the chiral oscillator (CO) [28]
L = −
1
2
θ ǫij q˙
′
iq
′
j −
kq′j
2
2
. (26)
where different signs in θ will correspond to different chi-
ralities, similarly as obtained in [28] (also studied in [29]).
To make an analogy of this model with a well known
model for the chiral boson (k = 1) let us make the fol-
lowing map using the relations described in [27] given
by,
∂tφ ↔ ∂tq
′
j ,
∂xφ ↔ θ ǫijq
′
j , (27)
and with this map implemented in Eq. (26), it can be
seen directly that the FJ chiral boson model [26] was
obtained.
Although the chiral oscillator was discussed in details
in various contexts (for instance, in [28, 29] and the ref-
erences therein), the purpose of this specific example is
only to illustrate our method of introducing the noncom-
mutativity via the symplectic method.
B. The nondegenerated mechanics
With the understanding of preceeding example, it is
now easy to see the procedure in a more complicated
case, where the Σab matrix is bigger than before.
In [7] it was developed a NC version of an arbitrary
nondegenerated mechanical system whose action can be
written as
S =
∫
dt L ( qA, q˙A ) , (28)
with the configuration space variables qA(t), A =
1, 2, . . . , n and no constraints in the Hamiltonian formu-
lation.
We consider now the following symplectic structure
Σαβ =
(
− 2 θij δij
− δji 0
)
, (29)
where, from (13), we can see that σij = βij = 0. Using
(15) we can construct the following matricial equation,(
− 2 θil δil
− δil 0
) (
Σql qj Σql pj
Σpl qj Σpl pj
)
=
(
δ
j
i 0
0 δ ji
)
(30)
and, we get
− 2 θilΣ
ql qj + δil Σ
pl qj = δ ji ,
δil Σ
ql qj = 0 ,
− 2 θilΣ
ql pj + δil Σ
pl pj = 0 ,
−δil Σ
ql pj = δ ji . (31)
Solving (31) we have that
Σqi qj = 0 ,
Σpi qj = δij ,
Σpi pj = − 2 θij . (32)
Hence
δAqj (x)
δqi(y)
−
δAqi (x)
δqj(y)
= 0 ,
δAqj (x)
δpi(y)
−
δApi(x)
δqj(y)
= δij ,
δApj (x)
δpi(y)
−
δApi(x)
δpj(y)
= − 2 θij . (33)
A convenient solution of this system is
Aqi =
1
2
pi +
1
2
qi ,
Api = θim pm −
1
2
qi . (34)
Finally, we can construct our first-order Lagrangian as
L =
(
1
2
pi +
1
2
qi
)
q˙i +
(
θim pm −
1
2
qi
)
p˙i
− V (q, q˙)
= pi q˙i + p˙i θij pj − V
′ (q, q˙) , (35)
where V ′ (q, q˙) = V (q, q˙) + 12qi q˙i and L is the same
Lagrangian obtained in [7] (in the eq. (4) in [7], the
H0(q
A, vA) is our V (q, q˙)). In few words we can say
that the quantization of this system takes us to quan-
tum mechanics with the ordinary product substituted by
the Moyal product, similarly to the case of a particle on
a noncommutative plane [7].
5The Lagrangian (35) is the NC version of the non-
degenerated mechanical system described by the La-
grangian L = L(qi, q˙i) ([7]). It is easy to see that (35) has
the same number of physical degrees of freedom as the
initial system S, equation (28). It can be demonstrated
also that the equations of motion of the NC system are
the same as for the initial system S, modulo the term
which is proportional to the parameter θAB. Finally, we
can say that the configuration space variables have the
NC brackets: {qA, qB} = −2 θAB ([7]).
IV. CONCLUSIONS AND PERSPECTIVES
To deform a system by substituting the classical prod-
uct by the Moyal product comprises essentially the usual
embedding of a commutative system in a NC configura-
tion space. The final system is now recognized as a NC
theory. The last one has been investigated extenuously
in the literature.
In order to improve the knowledge in non-perturbative
processes on how to obtain effectively a NC theory, the
authors in [14] discuss the passage from classical mechan-
ics to quantum mechanics and then to NC quantum me-
chanics, which allows one to obtain the associated NC
classical mechanics.
We believe that in this paper we gave a step further.
We have proposed an alternative new way to obtain NC
models, based on the symplectic approach. An interest-
ing feature on this formalism lies on the symplectic struc-
ture, which is defined at the beginning of the process.
The choice of the symplectic structure, subsequently, de-
fines the NC geometry of the model and the Planck’s con-
stant enters the theory via Moyal product. This formal-
ism also describes precisely how to obtain a Lagrangian
description for the NC version of the system.
To illustrate our method, we obtained a chiral oscilla-
tor [28, 29] in the NC phase space that is equivalent to
the Floreanini-Jackiw chiral boson through a convenient
mapping.
Our next target was the NC version of an arbitrary
nondegenerated mechanical system which has no con-
straints in the Hamiltonian formulation and where, now,
the configuration space variables have the NC brackets
{qA, qB} = −2 θAB. The result coincides with the litera-
ture.
It is important to stress that the procedure introduced
in this work deals only with non-constrained systems. A
work in progress is the investigation of how NC geometry
can be introduced into constrained systems via symplec-
tic approach. We believe that our method will bring new
insights in this issue also.
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